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Abstract

Dynamic wetting is an important phenomenon in many applications involving motion of liquid/vapor free surface
on a solid surface. Capillary impregnation in a slit is one such important application. Modeling of this application is
more challenging in a flexible slit than rigid slit since the solid deformation needs to be accounted in addition to tracking
the contact line. Previously, a finite element model has been formulated for predicting dynamic wetting on flexible solids
with upstream end of slot coater [S. Madasu, R.A. Cairncross, Effect of substrate flexibility on dynamic wetting: A finite
element model, Comput. Methods Appl. Mech. Eng. 192 (2003) 2671-2702] as the prototype. This paper presents an
application of that formulation in a moving reference frame for predicting the location of dynamic contact line for cap-
illary flow inside a flexible slit. Arbitrary Lagrangian Eulerian (ALE) mesh motion is used to track the location of the
contact line. Two singularities arise at the contact line: (i) in the solid domain due to liquid/vapor surface tension force
acting as a line force and (ii) in the liquid domain due to the double-valued velocity. ““Navier slip condition” and “Dis-
tributed line force condition” are used to relieve the singularities in the solid and liquid domains, respectively. The var-
iation of dynamic contact line position with respect to various parameters such as pressure, contact angle, capillary
number and elasticity number are presented for the finite element model and compared with an analytical model.
The trends for the variation of length of penetration of liquid for rigid solid with inlet pressure, contact angle and cap-
illary number compare qualitatively with the Washburn’s equation (1).
© 2005 Elsevier Inc. All rights reserved.
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1. Introduction

Capillary impregnation of liquid in a slit is an important application of wetting [1,2] of solid. Wetting of
the solid occurs at the intersection of solid/liquid, liquid/vapor and solid/vapor free surfaces, which is the
contact line. The motion of contact line involves the movement of liquid/vapor free surface across the solid
surface. Several researchers [3-5,9-12] in the past have studied the problem of motion of dynamic contact
line in a rigid slit or tube solving for the velocity, pressure fields and liquid/vapor free surface shapes. Wash-
burn [3] is one of the earliest researchers who studied the motion of liquids in small capillaries. He derived
the simplified Eq. (1) for the velocity in a horizontal straight capillary tube attached at one end to a liquid
column of height / and assuming very small capillary such that the Poiseuille flow assumption and radius of
curvature being circular near the liquid/vapor meniscus are valid all the way until the meniscus:

_dl_ [PA+gph+2(eracos6‘](a2+48a)

U_E_ 8ul ’

(1)

where U is the velocity of the liquid, / is the length of penetration, ¢ is the time of penetration, Py is the
atmospheric pressure, g is the gravitational constant, p is the density of liquid, /4 is the height of the liquid
column, « is the radius of the capillary, oy is the liquid/vapor surface tension, u is the viscosity of the
liquid, ¢ is the slip coefficient and 0 is the contact angle. Eq. (1) gives the relationship between the length
of penetration and different parameters for rigid capillaries and hence, will be used for qualitative compar-
ison of the results in this paper for rigid slits.

Several researchers have given numerical solutions [4,9-12] and theoretical solutions [4,5] of liquid/vapor
free surface flow under both steady [4,5,9,10] and unsteady [11,12] flow conditions in a rigid capillary. Han-
sen and Toong [4] considered the steady motion of a viscous liquid in a tube to solve for the liquid/vapor
free surface shape. They developed an approximate asymptotic outer solution for flow and also numerically
solved the fluid motion along with interface shape to predict the liquid/vapor free surface shape. Their solu-
tion is valid at a distance 10 °-10> cm from the intersection of the liquid/vapor free surface with the solid
wall. Huh and Mason [5] modeled the steady movement of the liquid meniscus in a rigid capillary tube by
developing an approximate analytical asymptotic solution. They obtained this solution valid for the entire
flow region by matching the outer solution, which is valid away from the contact line and inner solution,
which is valid near the contact line. They used slip to obtain the inner solution unlike Hansen and Toong,
who only solved for the outer solution. They accounted for slip by considering two models, namely, Navier
slip [6-8] over a slip length and free slip over a slip length and no slip thereafter. They calculated the cor-
rection factor for the length of penetration due to the curvature of the meniscus using their solution for
dynamic contact angles close to 90°. Lowndes [9] carried out the numerical simulation using finite element
method to study the meniscus shape for steady movement of fluid/vapor interface in a rigid capillary tube
with change in capillary number. He used Navier slip condition to relieve the singularity. The meniscus pro-
file is calculated by iterative scheme, where a profile was guessed and the Navier-Stokes equation along
with continuity was solved except taking into account the normal stress balance condition at the meniscus
and then the update for the meniscus profile was made by checking the normal stress balance condition.
Tilton [10] modeled the steady motion of the interface between two viscous fluids in a rigid capillary tube
using finite element method and presented the meniscus profile for various capillary numbers, contact an-
gles and viscosity ratios. He used Navier slip condition to relieve the singularity. He concluded that at lower
capillary numbers, viscous effects are unimportant and the interface shape is not deformed. As the capillary
number is increased, the meniscus deformation increases.

Trutschel and Schellenberger [11] presented transient simulations of liquid—gas interface motion in cap-
illaries for tubes and gaps using CFD code FIDAP, which is based on finite element method. They solved
the transient fluid mechanics equations along with the free surface conditions for capillary rise and obtained
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good comparison with the experimental values. Powell and Savage [12] solved for the transient free surface
flow of capillary motion between horizontal rigid plates using Lagrangian finite element formulation. They
removed the liquid stress singularity by using linear slip velocity distribution and used Tanner’s law to
relate the contact angle and velocity at the contact line.

All the studies that were done on dynamic wetting phenomena of capillary impregnation in the lit-
erature so far are on rigid tubes and slits. This paper presents a numerical finite element model for
capillary impregnation in a flexible slit. Finite element formulation developed by Madasu and Cairncross
[13] for dynamic wetting on flexible substrates will be used for modeling capillary impregnation in a
flexible slit. This formulation has important modeling applications such as flow through porous media,
studying flexible roll coating process, flexible blade coating process, etc. The study of capillary impreg-
nation flow of liquid in gaps is important in practical applications such as recovery of oil in rocks using
water, flow of lubricants, etc. In all these applications, it is desired to know the depth of penetration of
the liquid as a function of pressure at the inlet of the slit, contact angle of the liquid with the solid,
surface tension of the liquid/vapor interface and the flexibility of the solid if the solid is deformable.
This paper discusses this application of dynamic wetting on flexible solids, which gives the comparison
of length of penetration of flexible solid versus rigid solid. This study gives the measure of robustness
of the finite element formulation and the mesh motion scheme developed in [13] since in capillary
impregnation, contact line is extremely sensitive to the changes in the parameters such as pressure, con-
tact angle and capillary number. The contact line moves much farther leading to larger distortions in
the mesh close to the contact line than the case of upstream end of slot coater [13], where one end of
free surface is pinned. This study also helps in understanding the physics of capillary impregnation of
liquid in flexible slit.

The objectives of this paper are to present the underlying physics for penetration of liquid in a rigid and
flexible slit involving the contact line motion, compare the length of penetration for rigid and flexible slit
and study the effect of contact angle, pressure, and capillary number on the contact line motion for a flex-
ible solid. Section 2 discusses the model formulation and boundary conditions in a moving reference frame.
Section 3 presents the Galerkin finite element formulation for solving the model. Section 4 gives the mesh
refinement studies followed by the results section.

2. Model formulation

The geometry for modeling capillary impregnation in a flexible slit consists of liquid penetrating the gap
between two rectangular elastic solids. The solids are assumed to be rigid on outer boundaries and at the
outlet boundary as shown in Fig. 1. At the inlet of the slit, the solid is flexible and hence, deforms under the
action of shear forces from the liquid. Due to the symmetry, only half of the geometry is solved.

The equations are framed in a moving reference frame, which moves with the velocity of the penetration
of the liquid, — Vs .. This changes the transient capillary impregnation problem to a steady-state problem,
where the liquid/vapor free surface freely slides along the symmetry plane, the undeformed solid moves with
velocity, Vs and there is no net flow rate of the liquid at the outflow plane as shown in Fig. 1. In this
paper, all the equations and boundary conditions both liquid and solid domains are in Eulerian frame
of reference.

The liquid/vapor free surface wets the solid as it moves across the solid surface. The solid deforms under
the action of surface tensions forces arising at the contact line. The aim of this paper is to take into account
the effect of solid deformation to calculate the position of the contact line. In order to calculate the position
of the contact line, mass and momentum in solid and liquid domains needs to be conserved and appropriate
boundary conditions developed from the physics of the problem should be applied and mesh motion
scheme, which can track the dynamic contact line, is needed. The next few sections discuss these aspects.
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Capillary Impregnation in a Flexible Slit: A Finite Element Formulation.
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Fig. 1. (a) Capillary impregnation of liquid in a flexible slit and (b) problem solved in a moving reference frame with liquid/vapor free
surface free to slide on symmetry plane.

2.1. Conservation of mass and momentum in liquid domain

Flow is assumed to be laminar, two-dimensional, and incompressible. The motion of liquid/vapor menis-
cus in the flexible slit is considered to be steady and hence, velocity of penetration is constant. In the liquid
domain, Stokes and continuity equations are solved to balance momentum and mass, respectively. Stokes
equation (2) in dimensionless form given in [13] at zero Reynolds number, negligible body forces such as
gravity and for Newtonian liquids is

V'TLZO, (2)
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where
Ty = (—p I+ (VvL + VV))), (3)

Ty is the stress tensor, py is the dimensionless pressure which is equal to p; L/uUy, vy, is the velocity vector,
L is the characteristic length scale, which is chosen to be the half width of the slit, Uy is the characteristic
speed which is chosen to be as the speed of the undeformed solid, u is the viscosity of the liquid, pj is the
dimensional pressure, and I is the identity tensor.

Conservation of mass for an incompressible fluid is given by the continuity equation:

V'VLZO. (4)

2.2. Conservation of mass and momentum in solid domain

In the solid domain, Cauchy’s equation of equilibrium, with negligible inertia and body forces, is solved
to conserve momentum. Solids such as rubber which are normally incompressible are considered in the
model and hence, incompressibility constraint is solved to solve for pressure in the solid. The equations
to be solved in the solid domain in dimensionless form are given in [14].

V- Ts =0, ()
where
Ts = ((—ps — 2/G+ G)I + fB— (1 — /)B™)), (6)

where the solid stress, Ts, is predicted by Mooney—Rivlin constitutive law [15] for incompressible, rubber-
like solids, ps = psL*/Gu’, ps is the dimensionless pressure in the solid, p; is the dimensional pressure in the
solid, f'is a material constant which varies between 0 and 1, and B = FF' is the left Cauchy—Green defor-
mation tensor. F is the deformation gradient tensor in the deformed coordinates.

The incompressibility constraint sets the determinant of the deformation gradient tensor to be 1 as seen
in the following equation:

IF| = 1. (7)

Section 2.3 discusses the boundary conditions applied on the solid and liquid domains.
2.3. Boundary conditions

Fig. 1 shows the boundary conditions applied on the solid and liquid domains in a moving reference
frame. Boundary conditions are applied to solve the velocity, pressure fields in liquid domain and displace-
ment, pressure fields in solid domain.

2.3.1. Boundary conditions on liquid domain

In a moving frame of reference, the pressure gradient forces needs to balance the Couette forces from the
shear flow in the entire liquid domain for the net flow rate to be zero. At steady state and in a moving frame
of reference, the liquid/vapor free surface is stationary but it changes its location such that net flow rate is
Zero.

Along the liquid/vapor interface, a normal stress balance condition is applied on the liquid velocity
equations

~ . 2Hn
_n'TL:n'pextI+a7 (8)
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where H is the surface mean curvature, Ca = uVs, /oLy is the capillary number, g1y is the solid/liquid sur-
face tension. The capillary number scales the significance of the viscous forces to that of the surface tension
forces at the liquid/vapor free surface.

At the inlet of the liquid domain, pressure is specified as the inflow boundary condition. Along the solid/
liquid interface, over two elements, the Navier slip condition is applied to the tangential equation to relieve
the stress singularity in the liquid is relieved.

1 ~

= —vs)=n-Ty, 9)
p

where f is the slip coefficient. § = 0 corresponds to no slip condition, whereas f§ = oo corresponds to free

slip condition. The no penetration condition is applied to the normal equation of the momentum, as the

liquid does not penetrate the solid.

v = 0. (10)

Away from the contact node (further than 2 elements), the no slip condition is applied and the velocity of
the liquid is equal to velocity of solid.

The vertical velocity is set to zero along the symmetry plane and the since the shear stress is zero, Eq. (11)
is applied on the x-liquid momentum equation

i T, =0. (11)

2.3.2. Boundary conditions on solid domain

At the solid outflow end, the solid displacement is calculated using Cauchy’s equation of equilibrium and
fully developed velocity profile. Using the no slip boundary condition condition, i.e., vy, = Vs at y = hg
and Ty, =0 at y = hg + Ay, the velocity profile in dimensional form is as follows:

1+ 1.5(y ;th)z —3<y Z’S)]. (12)

The solid displacement is calculated with 7, = —p and T,, = G(du/dy), using Cauchy’s equation of
equilibrium and boundary conditions =0 at y =0 and Ts ., = —3uVs /h;, which can be derived from
the Couette—Poiseuille flow velocity profile Eq. (12) at y = hg

ls,quSr 2 3,uVS.th + (3,UVSX)
L - , ,
anr )’ G Gy

where u is the displacement in the x-direction, V is the displacement in the y-direction, /g is the height
of solid, A is the liquid film thickness, y is the dimensional position in the y-direction, G is the
shear modulus and Es = (uVs,/GL) = (Viscous forces/Elastic forces). The elasticity number scales the sig-
nificance of the viscous forces along the solid/liquid interface to that of the elastic forces in the
solid.

Along the solid/vapor and solid/liquid interfaces, normal stress balance condition is used on the displace-
ment of the solid.

ULy = VS,x

h
y=1.5Eg)* — (3Esi + 3Es>y, (13)

Solidlvapor interface

2Hn GL
—n-Ts=n- I+—: C = —. 14a
S Pexd + Carsy Qgsv p— (14a)
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Solidlliquid interface

2Hn GL
C Cape — 14b
Cags’ aESL oo (14b)

—ﬁ'Ts:ﬁ-TLEs+

where H is the surface mean curvature, Caggy is the elastic capillary number for solid/vapor interface,
Cagg. is the elastic capillary number for solid/liquid interface, ogy is the solid/vapor surface tension and
ogst. 1s the solid/liquid surface tension. Elastic capillary number scales the elastic forces in the solid to the
surface tension forces along the solid/vapor interface or solid/liquid interface.

Along the rigid solid boundaries, zero displacement boundary condition is applied.

2.3.3. Boundary conditions at the contact line

The recipe for the boundary conditions applied at the dynamic contact line is obtained from [13]. Sin-
gularity in elastic stress [14] results at the contact line due to line force acting from the liquid/vapor surface
tension, which results in an infinite displacement as given in [16]. The singularity in the solid is relieved by
distributing the line force over a finite contact region. Similarly, singularity in viscous stress in liquid do-
main results at the contact line due to the double-valued velocity and is relieved by Navier slip condition.
Following boundary conditions are applied at the contact line:

e x-component of fluid momentum residual is replaced by kinematic condition — V7 =0,

e y-component of fluid momentum residual is replaced by no penetration — Vy , =0,

e x-component of solid momentum residual is added to capillary condition from solid/liquid, solid/vapor
and liquid/vapor free surfaces and normal stress from the liquid,

e y-component of solid momentum residual is added to capillary condition from solid/liquid, solid/vapor
and liquid/vapor free surfaces and normal stress from the liquid,

e x-component of mesh displacement is replaced by contact angle condition with respect to the bisecting
plane — IﬁLV . (EISL — ﬁiSV)/‘ﬁiSL — Iﬁsv| =cos0 .

e y-component of mesh displacement is replaced by — dy = v (Contact node moves along with the real solid
in the vertical direction).

2.4. Mesh motion schemes

ALE method of mesh motion is used for studying dynamic wetting on flexible substrates [13]. Capillary
impregnation in a flexible slit is a dynamic wetting problem involving flexible substrate; hence, ALE mesh
motion technique is used. In the liquid domain, pseudosolid mesh motion [13,17-20] is implemented and in
the solid domain spine method [13] of mesh motion is used. At the free corner, since the liquid/vapor free
surface freely slides along the symmetry plane, the kinematic condition gets applied on the x-mesh displace-
ment and since there is zero displacement in the y-direction, y-displacement of the mesh is set to zero. Along
the symmetry plane, the y-mesh displacement is set to zero and for x-displacement, nodes are allowed to be
shear free so that they can freely slide along the symmetry plane to adjust to the location of the free corner
to minimize mesh distortions.

Along the liquid/vapor interface, a kinematic condition is applied on the displacement in the normal
direction (x-displacement)

n-vp =0. (15)
Along the tangential direction (y-displacement), the nodes are allowed to be shear free.

Along the solid/vapor and solid/liquid free surfaces, the vertical motion of the mesh must conform to the
solid. Hence the y-displacement of the mesh is set equal to the y-displacement of the solid:

dy =vo. (16)
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For the x-displacement, the nodes are allowed to be shear free so that they can freely slide and their motion
will become independent of the underlying solid. Along the rigid solid, solid outflow and liquid inflow
boundaries, zero mesh displacement boundary condition is applied.

3. Numerical method

The numerical method used for solving the equations is the Galerkin finite element method [9,10,19,20].
Galerkin finite element method approximates the solution in each element to be the product of the nodal
unknowns and the basis functions. The basis functions for velocity and displacement unknowns are chosen
to be biquadratic and for the pressure unknowns to be bilinear. The order of basis functions for pressure is
chosen to be one order less than that of velocity or displacement in order to satisfy the Ladyzhenskaya—
Babuska—Brezzi (LBB) condition [21]. The nodal unknowns in an element for velocity and displacements
fields are 9 and for pressure in both solid and liquid domains are 4.

The momentum residual in the liquid domain is integrated by parts using the basis function as weighting
function. The weighted residual in the weak form is expressed as follows:

Ry = [V T0a0 = (99T do+ [T ds (17)

where ¢; denotes the biquadratic basis function.
The Continuity residual is obtained as follows:

R = /(V VL)Y, d, (18)

where /; is the bilinear basis function.
The momentum residual in the solid domain is obtained as follows:

r = [V 190, a0 = [ (Vg 19 a0+ [ 019 ds. (19)
Vv Vv N
The incompressibility residual in deformed co-ordinates is obtained as follows:
R = / (j1—vu 1)y, av, (20)
Vv

where u is the displacement of the solid.

The second term in the momentum residual is a boundary condition term. For the capillary condition,
the boundary integral term can be expressed in terms of surface divergence [19] and can be added to the
residual. The details of this derivation are provided in [19]. The momentum balance at the contact node,
application of boundary conditions and the method of solving residual equations are given in [13].

Section 4 discusses the mesh convergence with change in elements followed by results obtained from the
study of effect of downstream pressure, contact angle, capillary number, and elasticity number on dynamic
contact line motion. The length of penetration in a rigid slit versus flexible slit is compared.

4. Tests of mesh performance
4.1. Mesh convergence
The first step in this analysis is to perform convergence tests to determine the optimum number of ele-

ments in x and y directions. The elements are stretched more towards the contact node by the stretching
function given in Eq. (21)
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Axy = L(ll_ n’fw) Avy = qAvy,  Axvy = v, ..., Axge = Axse 1, (21)
where Ax is the size of the first element, Ax; is the size of the second element and so on, L is the total length
of the domain over which stretching is applied, ne is the number of elements in the domain, and # is the
stretching parameter. For 5 > 1, the elements sizes increase over the domain. Stretching enables to concen-
trate more number of elements near the contact line where it is important to capture the physics accurately
and less number of elements away from the contact line and hence, helps in reducing the total number of
elements required for convergence.

Here, convergence means with further refinement, the change in the shapes of the solid and liquid/
vapor free surfaces is negligible and change in the x-position of the contact node is small (order of
102). First, the number of elements in y-direction is kept constant at 8 elements in both solid and li-
quid domains, and the number of elements in x-direction are increased to obtain the base case mesh
such that the size of the element adjacent to the element near the contact node by 50% when compared
to the coarse mesh. Then the base case mesh is further refined by decreasing the element size adjacent
to the element at the contact node to refined mesh as shown in Table 1. The tests were performed for a
base case of pressure of 29, capillary number of 0.02, elasticity number of 0.001, contact angle of 90°,
and elastic capillary number 10. Navier slip coefficient f = 0.00001, slip length over 2 elements, and
contact region Lcg = 0.1 [13] are used for the simulations.

The solid-free surface, liquid/vapor free surfaces, contours of pressure are compared to show conver-
gence in Figs. 2 and 3. The elements adjacent to the contact node are fixed and hence, their sizes do not
change with refinement. There is a change in the order of 102 for the dynamic contact line position.
Fig. 2 shows the comparison of liquid/vapor free surfaces and solid-free surfaces. It is observed that there
is negligible change in the solid free surface and the shape of the liquid/vapor free surface remains the same
except that dynamic contact line got shifted in the x-direction approximately by 0.0198 from the base case
to refined mesh. Fig. 2(a) shows that the dip in the solid-free surface is due to the incompressibility
constraint. The displacement approaches to zero at distances far away from the contact line. Maximum
displacement is observed at the contact line.

Fig. 3 shows the comparison of contours for pressure fields for base case versus refined mesh. It can be
seen that the pressure field vary linearly at far away from the contact line and the pressure contours match
there. Close to the contact line, there is small deviation in the contour shapes. After optimizing the elements
in x-direction and comparing the free surfaces and contours it has been concluded that 26 elements with
n = 1.1 on the solid/liquid side, 12 elements with # = 0.77 on the solid/vapor side are sufficient to get a con-
verged solution with respect to elements in x-direction.

Next, the number of elements in x-direction is kept constant in both solid and liquid domains, and the
number of elements in y-direction is increased to obtain the base case mesh such that the size of the element
decreases by 50% when compared to the coarse mesh. Then the base case mesh is further refined by decreas-
ing the element size adjacent to the element at the contact node to refined mesh as shown in Table 2.
Computations are performed at the same parameter values used for determining the number of elements
in x-direction.

Table 1
Convergence test for mesh refinement, with different number of elements in x-direction
Number of elements (x X y) Size of the smallest element (Ax X Ay) x-position of contact line
Coarse mesh 20x9x8x8 0.173967 x 0.125 9.02993
Base case 26X 12x 8% 8 0.090496 x 0.125 8.99585
Refined mesh 30x 15x8x%x8 0.05988 x 0.125 8.97596

The reported element size is that of the element adjacent to the element at the contact line on the solid/liquid interface.
Parameters pressure = 29, 6 = 90°, E5 = 0.001 and Caggy = Cagsy. = 10 are used.
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Fig. 2. Comparison of (a) free surface of solid; (b) free surface of the liquid for three different levels of mesh refinement in x-direction.
The contact angle of 90°, Cagsy = Caggy = 10, Ca = 0.02, Es = 0.001, pressure = 29 are used for this comparison.

(a)

(b)

Fig. 3. Comparison of contour plot of pressure field (a) for full domain (b) close to the contact line with base case (solid) versus refined
mesh (dash) for mesh refinement in x-direction. The contact angle of 90°, Cagsy = Cagsy. = 10, Es = 0.001, Ca = 0.02 and pressure = 29
are used for this comparison. The minimum pressure contour level was set at —50, maximum pressure contour level was set at 29 and
the number of levels was set to 26.
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Table 2
Convergence test for mesh refinement, with different number of elements in y-direction

287

Number of elements (x X y) Size of the smallest element (Ax X Ay) x-position of contact line
Coarse mesh 20x9x4x4 0.173967 x 0.25 9.15834
Base case 20x9x 8x8 0.173967 x 0.125 9.02993
Refined mesh 20x9x12x12 0.173967 x 0.0833 9.00332

The same parameters and notations were used as in Table 1.
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Fig. 4. Comparison of (a) free surface of solid; (b) free surface of the liquid for three different levels of mesh refinement in y-direction.
The contact angle of 90°, Cagsy = Cagsy. = 10, Ca =0.02, Es = 0.001, pressure = 29 are used for this comparison.

The solid-free surface, liquid/vapor free surfaces, contours of pressure are compared to show conver-
gence in Figs. 4 and 5. The elements adjacent to the contact node are fixed and hence, their sizes do not
change with refinement. There is a change in the order of 102 for the dynamic contact line position.
Fig. 4 shows the comparison of liquid/vapor free surfaces and solid free surfaces. It is observed that there
is negligible change in the solid-free surface and the shape of the liquid/vapor free surface remains the same
except that dynamic contact line got shifted in the x-direction approximately by 0.026 from the base case to

refined mesh.
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(a)

(b)

Fig. 5. Comparison of contour plot of pressure field (a) for full domain (b) close to the contact line with base case (solid) versus refined
mesh (dash) for mesh refinement in y-direction. The contact angle of 90°, Cagsy = Cagsy = 10, Es = 0.001, Ca = 0.02 and pressure = 29
are used for this comparison. The minimum pressure contour level was set at —50, maximum pressure contour level was set at 29 and
the number of levels was set to 26.

Fig. 5 shows the comparison of contours for pressure fields for base case versus refined mesh. Close to
the contact line, there is small deviation in the contour shapes. After optimizing the elements in y-direction
and comparing the free surfaces and contours it has been concluded that 8 elements in the liquid domain, §
elements in the solid domain are sufficient to get a converged solution with respect to elements in y-direc-
tion. Hence, from the mesh refinement studies it can concluded that 26 elements with # = 1.1 on the solid/
liquid side, 12 elements with # =0.77 on the solid/vapor side, 8 elements in the liquid domain and 8§
elements in the solid domain are required for performing parametric studies.

5. Results and discussion
5.1. Base case for wetting on a flexible substrate

Figs. 6-8 display contour plots of pressure, velocity, and displacement fields for pressure of 29, cap-
illary number of 0.02, elasticity number of 0.001, contact angle of 90°, and elastic capillary number of
10.

Fig. 6 shows the contours of pressure fields in the solid and liquid domains near the contact line.
The pressure contours for the solid and liquid domain match at the downstream end, as there is neg-
ligible displacement in the vertical direction even though the solid is sheared there. Hence, the pressure
in the solid is equal to the pressure in the liquid near the outflow plane and both vary linearly consis-
tent with fully developed flow. Near the contact node, there is a low-pressure region in both the solid
and liquid phases. The pressure in the solid near the contact node is less than that of the liquid because
the solid is in tension there due to the action of liquid/vapor surface tension pulling upward at dynamic
contact line. The pressure variation is one-dimensional (along the x-direction) towards the outflow
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Fig. 6. Contour plots of pressure field (a) liquid domain close to the contact line; (b) full domain; and (c) solid domain close to the
contact line with contact angle of 90°, Caggy = Caggy = 10, Eg = 0.001, Ca = 0.02 and pressure = 29. The minimum pressure contour
level was set at —50, maximum pressure contour level was set at 29 and the number of levels was set to 26.

plane. Close to the free surface near the dynamic contact line, liquid turns around and hence pressure
variation is two-dimensional there. Fig. 9 shows that the pressure in the solid and liquid goes through a
minimum at the contact line and then increases to the downstream almost linearly for most of the
domain along the solid/liquid interface. Close to the contact line, pressure in the solid deviates from
linear variation. The pressure variation in solid and liquid domains follows the same trend as that
of upstream end of slot coater.

Fig. 7 shows the contours of horizontal velocity field in the liquid domain and vertical displacement field
in the solid domain near the contact line. The horizontal velocity is zero at the contact node and rises to
web velocity through the Navier slip condition (Eq. (9)) over the slip length. After the slip length, the
velocity of the liquid is equal to that of the solid because of the no slip condition. The horizontal velocity
is one-dimensional on the symmetry line and then the liquid turn around near the meniscus where the flow
is two-dimensional and then the horizontal velocity becomes fully developed flow close to the outflow plane
such that the net flow rate is zero.
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(b)

(c)

Fig. 7. Contour plots of (a) horizontal velocity field close to the contact line; (b) full domain; and (c) vertical displacement field close to
the contact line with contact angle of 90°, Cagsy = Cagsy = 10, Es = 0.001, Ca =0.02 and pressure = 29. The horizontal velocity
minimum contour level was set at —0.5 and maximum contour level was set at 1 and the number of levels was set to 26. The vertical
displacement minimum contour level was set at —0.001 and maximum contour level was set at 0.021 and the number of levels was set to
26.

A maximum in vertical displacement of the solid occurs at the contact node because of the line force
pulling the contact line upwards and reducing the gap size. The downstream end of the liquid domain
corresponds to fully developed flow and the vertical displacement is zero.

Fig. 8(a) shows the contours of vertical velocity field in the liquid domain. The vertical velocity in liquid
is zero for most of the domain except near the upstream end where the fluid turns around to flow down-
stream. At the contact node vertical velocity is zero. Fig. 8(c) shows the horizontal displacement field in the
solid domain near the contact line. Horizontal displacement field contours show that near the downstream
region of the contact node, solid is sheared towards the contact node because of the shear forces from the
liquid and line force. Upstream and downstream of the contact node, solid is sheared towards the contact
node because of the line force pulling the solid.

Fig. 10 shows the horizontal displacement varying along the substrate thickness where the solid is getting
sheared along the solid/liquid interface. At the outflow plane, the horizontal displacement is parabolic as a
result of shear forces and pressure forces acting there. Close to the contact line, the solid displacement is
zero at the bottom of the solid and the displacement of the solid at the surface is resultant of line force,
shear forces from the liquid and the pressure forces.

The displacement at the surface close to the contact line comes out to be higher than that at the outflow
plane because of line force. Displacements decay to zero at the inflow plane of the solid. In general, pres-
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Fig. 8. Contour plots of (a) vertical velocity field close to the contact line; (b) full domain; and (c) horizontal displacement field close to the
contact line with contact angle of 90°, Cagsy = Cagsy. = 10, Es = 0.001, Ca = 0.02 and pressure = 29. The vertical velocity minimum
contour level was set at —0.68 and maximum contour level was set at 0 and the number of levels was set to 26. The horizontal displacement
minimum contour level was set at —0.006 and maximum contour level was set at 0.002 and the number of levels was set to 26.
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Fig. 9. Variation of pressure in solid and liquid as a function of x-position along the solid surface for pressure =29, Eg = 0.001,
contact angle = 90° and Ca = 0.02.

sure, displacement and velocity field contours have similar variation as that of the upstream end of slot
coater except that in capillary flow in a flexible slit, the meniscus is very sensitive to the parameters, which
can be seen from the following sections.
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Fig. 10. Line plot of horizontal displacement through the substrate at an arbitrary x-position of 9.236 close to the dynamic contact line
for pressure = 29, Ca = 0.02, contact angle = 90°, E5 = 0.001.

5.2. Analytical model for the dynamic contact line location for rigid solid

To analyze the motion of dynamic contact line, I have derived an analytical model for the location of the
dynamic contact line for rigid solid based on Higgins and Scriven [22]. Fig. 11 depicts the domain and
geometry of the analytical model. A comparison of the analytical and the finite element models is shown
in Fig. 13. The assumptions of the model are that the solid is rigid, the meniscus is an arc of circle and
the pressure is a linear function of distance along the substrate.

oP
Prs = Pyown + (a_> (xDCL - xdown)v (22)
X/ down
where Prs is the pressure at the meniscus, Pgown is the pressure at the downstream end, (0P/0x),,,, is the

pressure gradient at the downstream end and is equal to 3uvs/ hi, XpcL 18 the location of the dynamic con-
tact line and xgowy 1S the location of the downstream end.
The liquid pressure at the meniscus comes from the capillary pressure across the curved meniscus:

P = oLv (23)

where R is the radius of curvature. The radius of curvature R is related to the dynamic contact line position
by

_____________ TP

down

7 B3

Fig. 11. Schematic of computational domain for analytical model of capillary flow on a rigid substrate moving with a velocity Vs, and
liquid/vapor free surface making an angle 0 with the solid.
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— _hL
" cosf’

(24)
Egs. (22)—(24) are combined to develop an equation relating the downstream pressure and the location of

dynamic contact line:

3puvs(¥per — Xdown) oLy cOs0
2 + =
hy he

Piown 0. (25)

5.3. Analytical model for the dynamic contact line location for flexible solid

To account for substrate flexibility in the analytical model presented above, vertical displacement of the
solid at the contact line modifies the geometric relationship for meniscus curvature (Eq. (24)). As a simple
approximation for a flexible solid, the solid at the contact line is assumed to behave as a spring as shown in
Fig. 12.

The deformed gap at the contact line is and is assumed to follow Hooke’s law:

, oLy sin 0
h :hL(l _WTg) (26)

where ¢ is a constant determined from numerical experiments with static wetting such that & = 2.333. For
simplicity, the substrate deformation is assumed only to affect the relationship for curvature and does not
affect the pressure profile in the gap. Egs. (25) and (26) give the following model for the flexible solid:

3 - own 9
Paoun + fvs(XpeL _ Xdown) oLV COSSM —0. (27)
(] [hL(l - “LVG—(:)}

This equation relates downstream pressure and dynamic contact line position for a flexible solid.

5.4. Study of variation of dynamic contact line with pressure, capillary number, contact angle for rigid, and
flexible solids

The dynamic wetting line position variation with different parameters for rigid solid, such as downstream
pressure, capillary number and contact angle for rigid solid are presented in Figs. 13—16. The results show

Fig. 12. Schematic of computational domain for analytical model of capillary flow on flexible solid moving with a velocity Vs, and
liquid/vapor free surface making an angle 0 with the bisecting plane.
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finite element methods.
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Fig. 14. x-position of the dynamic contact line as a function of pressure for contact angle = 95° and Ca = 0.02.

that increase in pressure moves the contact line away from the inflow plane (upstream) increasing the length
of penetration, decrease in capillary number pushes the contact line towards the inflow plane (downstream)
decreasing the length of penetration if the meniscus is convex from the vapor side, increase in contact angle
pushes the contact line towards the inflow plane (downstream) decreasing the length of penetration. Fig. 13
depicts the comparison from analytical and FEM models for the variation of dynamic contact line position
with downstream pressure for rigid solid. There is a good qualitative agreement between the analytical and
FEM results for rigid solid as shown in Fig. 13. Both the models predict the same trends that increase in
pressure moves the contact line away from the inflow plane increasing the length of penetration.
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Fig. 15. x-position of the dynamic contact line as a function of contact angle for pressure =29 and Ca = 0.02.
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Fig. 16. x-position of the dynamic contact line as a function of capillary number for pressure = 29 and contact angle = 95°.

Fig. 14 shows the variation of dynamic contact line position in FEM model with downstream pressure
for a rigid solid. With increase in downstream pressure, with all the other parameters constant, the pressure
in the gap goes up. In order to balance the pressure in the liquid and the pressure drop across the meniscus,
the meniscus increases the length of the gap pushing the contact node away from the inflow plane (up-
stream) and similarly when the pressure is decreased; it moves the contact node towards the inflow plane
(downstream). The liquid responds to the increase in pressure at the inlet by increasing the length of pen-
etration. This trend is supported qualitatively by Washburn’s equation (1) for a rigid pore. If (Pa + gph) in
Eq. (1) is maintained constant, it is analogous to the inlet pressure. Then as the inlet pressure is increased,
the length of penetration increases for the same time of penetration as seen from Eq. (1).

Fig. 15 shows the variation of dynamic contact line position with contact angle for a rigid solid. With the
increase in contact angle, the free surface should decrease the radius of curvature and hence the pressure
near the free surface goes up hence, the meniscus decreases the length of penetration in order to balance
the pressure and the converse is true when the contact angle is decreased. The analytical model for rigid
solid gives a good qualitative agreement for the variation of capillary number and contact angle. Practi-
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cally, this result indicates that if two liquids with different contact angles are used to penetrate the slit, the
liquid with smaller contact angle penetrates further than the liquid with the higher contact angle for the
same time of penetration. This trend of variation of length of penetration with contact angle is supported
qualitatively by Washburn’s equation (1).

Fig. 16 shows the variation of dynamic contact line position with capillary number for a rigid solid. With
decrease in capillary number, all the other parameters constant, surface tension goes up. With increase in
surface tension, the pressure drop across the liquid/vapor interface goes up. In order to balance the pressure
in the liquid and pressure drop across the meniscus, the length decreases by pushing the contact node to-
wards the inflow plane (downstream). As the surface tension increases, the meniscus shape becomes flat due
to the increase in radius of curvature. If two liquids with different surface tensions are allowed to penetrate
the slit, the liquid with the higher surface tension penetrates less than the liquid with lower surface tension
for the same time of penetration for contact angles greater than 90°. The converse is true for contact angles
less than 90°. This trend is supported by Washburn’s equation (1).

Fig. 17 depicts the predictions of dynamic contact line location for a flexible solid from the analytical
and finite element methods. As the downstream pressure is increased, the contact line moves away from
the inflow plane and as the downstream pressure is decreased, the contact line moves towards the inflow
plane as shown in Fig. 17. There is good qualitative agreement between the analytical and FEM models.
The physics remains the same as that of rigid solid at constant elasticity number. As the downstream pres-
sure is increased, the pressure in the liquid increases and the meniscus balances the pressure drop across the
meniscus and the pressure in the liquid by increasing the length of penetration and the converse is true when
the pressure is decreased. The quantitative agreement between the analytical and FEM models is not good
because of the assumptions of free surface to be an arc of circle and pressure gradient in the liquid domain
to be a constant all the way until the meniscus, which is not valid as shown in Fig. 9. Fig. 18 shows the mesh
shape near the contact node.

The trends and the physics for the variation of dynamic contact line with capillary number and contact
angle at constant elasticity number remain the same as that of rigid solid. The meniscus decreases the length
of penetration with decrease in capillary number. Fig. 20 shows the mesh shape near the contact node as the
capillary number changes.

The meniscus moves upstream by increasing the length of penetration with decrease in contact angle.
The analytical model gives a good qualitative agreement for the variation of capillary number and contact
angle at a constant elasticity number. Fig. 21 shows the mesh shape near the contact node as the contact
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Fig. 17. x-position of the dynamic contact line as a function of pressure at Eg = 0.001, contact angle = 95° and Ca = 0.02 for analytical
and finite element methods.



S. Madasu | Journal of Computational Physics 206 (2005) 277-301 297

(b)

==
H

-

===
-

1
T

Fig. 18. Shape of the mesh for Eg = 0.001, contact angle = 95°, Ca = 0.02 and pressure = 29 (a) full domain (b) near the contact node.

(a) 1.8 - 0.2
g 1751 [ 0.18 §
S ] 1+ 0.16 &
[&] - (&]
2 17 ] £ 0.14 2
s 7 165 T« [012 83
& 1 I >
29- 16 1 tp1 62
£ £ ] I 0.08 g e
S 3 1.55 ;‘ : : 5 -1
é 15 ] i 0.06 -.5..
g 145 1o
14 — - —10

0 0.002 0.004 0.006 0.008

Elasticity number

(b) (c) T

11

L
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Fig. 20. Shape of the mesh near the contact node for pressure =29, Eg=0.001, contact angle = 95° (a) Ca =0.3333 and (b)
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Fig. 21. Shape of the mesh near the contact node for pressure = 29, E5 = 0.001, Ca = 0.02 (a) contact angle = 104° and (b) contact
angle = 73°.
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angle changes. The contact line is extremely sensitive to the variation in pressure, capillary number, and
contact angle unlike the upstream end of slot coater case [13] for both rigid and flexible solids.

5.5. Effect of substrate stiffness on the position of the dynamic contact line with variation in pressure, capillary
number, and contact angle

In general, the variation of the dynamic contact line position with pressure, capillary number and
contact angle for constant elasticity number follow the same trends qualitatively as that of rigid solid as
discussed in last section. The variation of dynamic contact line position with substrate stiffness for constant
pressure, capillary number, and contact angle is discussed in Fig. 19. With increase in flexibility of the solid,
the displacement of the contact node increases in the vertical direction as a result of increase in strain as
shown in Fig. 19. If the meniscus is concave from the liquid side, the decrease in gap results increase in
pressure near the meniscus and hence, the meniscus moves upstream initially, then downstream and then
upstream to balance the pressure in the liquid and pressure drop across the meniscus. The analytical model
shows that the meniscus moves downstream with increase in elasticity number. The discrepancy is due to
the assumption that the pressure varies linearly although way until the meniscus in the analytical model.
When the deformations of the solid are small at lower elasticity numbers, the assumptions of the analytical
model are reasonable and hence, the trend from the numerical model and analytical model match. But as
the elasticity number increases, pressure varies nonlinearly close to the contact line and hence, the trends
from the numerical model and analytical models are not same. At high elasticity number, the gap becomes
very small and hence, the surface tension forces become very dominant and hence, nonlinearity in pressure
is not significant and hence, trends from both the models again match. Fig. 19 show the mesh near the
contact node and the location of the contact node variation with elasticity number. With a flexible solid,
if the contact line moves upstream then the flexibility of the solid enhances the length of penetration with
respect to rigid solid for the same time of penetration, pressure, surface tension, and contact angle. This
could be useful in applications, which require faster penetration such as recovery of oil by water. Converse
is true for a flexible solid if the contact line moves downstream with respect to rigid solid. This could be
useful, where it is desired to have slower penetration such as penetration of coatings in paper pores as faster
penetration of coatings could cause non-uniformities in coatings on the paper.

In Fig. 14, the variation of dynamic contact line with substrate flexibility and pressure for finite element
method is shown. The contact line moved upstream (away from the inlet) for lower elasticity numbers at
constant pressure and then downstream. With a flexible solid, if the contact line moves upstream then
the flexibility of the solid enhances the length of penetration with respect to rigid solid for the same time,
pressure, surface tension, and contact angle. The meniscus moved always downstream in the analytical
model. This could be due to neglecting the stresses from the liquid in the analytical model. As the flexibility
of the solid is increased, the pressure near the meniscus increases due to the decrease in the gap and so the
meniscus balances the pressure drop across the meniscus and the pressure in the liquid by adjusting the
meniscus position. With a flexible solid, the contact line moves upstream with increase in pressure increas-
ing the length of penetration for the same time of penetration, flexibility of the solid, surface tension and
contact angle.

Fig. 15 depict the predictions of variation of dynamic contact line position with elasticity number and
contact angle. For lower contact angles, the meniscus moves upstream with respect to the rigid solid
and for higher contact angles, the meniscus moves downstream with increase in flexibility (at higher
elasticity numbers) as shown in Fig. 15. With a flexible solid, if the contact line moves upstream then
the flexibility of the solid enhances the length of penetration with respect to rigid solid for the same time,
pressure, surface tension, and contact angle. The trends are supported by analytical model at lower contact
angles and at higher contact angles only at higher elasticity numbers. The mechanism is similar to the other
parameters. With a flexible solid, the contact line moves upstream with decrease in contact angle increasing



300 S. Madasu | Journal of Computational Physics 206 (2005) 277-301

the length of penetration for the same time of penetration, flexibility of the solid, surface tension and
pressure.

With decrease in capillary number, the line force increases and hence the vertical displacement of the
contact node increases which results in the decrease of the gap and hence the pressure near the meniscus
in the liquid goes up. If the meniscus is curved concave from the liquid side then the meniscus balances
the pressure in the liquid and pressure drop across the meniscus by adjusting the meniscus position. The
meniscus moved upstream and away from the gap at higher capillary numbers with increase in elasticity
but at lower capillary numbers moved downstream with increase in elasticity number as seen from Fig.
16. The analytical model supports the trend at lower elasticity number. At higher capillary numbers, the
trend is not supported by the analytical model due to the negligence of stresses from the liquid. With a flex-
ible solid, the contact line moves upstream with increase in capillary number increasing the length of pen-
etration for the same time of penetration, flexibility of the solid, pressure, and contact angle greater than
90°.

6. Conclusions

This paper presents a finite element formulation for solving capillary impregnation in flexible sol-
ids. The equations are framed in a moving reference frame moving with the velocity of the liquid
front. The momentum balance, the singularities arising at the dynamic contact line in both solid and
liquid domains and the boundary conditions at the contact node are similar to the case of upstream
end of slot coater discussed in [13]. The singularity in the solid is relieved by applying the line force
over a finite contact region and the singularity in the liquid is relieved by applying the Navier-slip
condition.

The parametric studies have shown that the pressure at the outflow, capillary number, contact angle and
substrate stiffness affect the motion of the contact line. At constant elasticity numbers, increase in pressure
pushes the contact line away from the inlet, increase in capillary number moves the contact node away from
the inlet if the meniscus is curved concave from the liquid side; contact angle greater than 90° and increase
in contact angle pushes the contact node close to the inlet. The results show that the contact line is very
sensitive to these parameters when compared to the case where the liquid/vapor free surface is pinned at
one end [13]. The length of penetration increases with increase in inlet pressure, decrease in contact angle
and increase in capillary number for contact angle greater than 90° for both rigid and flexible solid with
constant elasticity number. These trends match qualitatively with the Washburn’s equation (1) for a rigid
solid.

The substrate stiffness has an effect on the motion of the contact line. The results have shown that as the
substrate stiffness is increased at the same operating parameters, the contact line is pushed away from the
gap, then into the gap and then away from the gap. Increase in substrate stiffness decreases the gap width by
moving vertically. This paper gives the effect of flexibility on the length of penetration in studying applica-
tions such as flow though porous media in recovery of oil in rocks where increasing the flexibility of the
solid can enhance the rate of penetration of water and hence, enable to obtain faster recovery of oil.
The formulation could also be extended for industrial applications such as flexible roll coating, flexible
blade coating, which involve wetting on flexible substrates.
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